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We investigate a tunnel contact coupled to a double quantum dot (DQD) and employed as charge
monitor for the latter. We consider both the classical limit and the quantum regime. In the classical
case, we derive measurement correlations from conditional probabilities, which yields quantitative
statements about the parameter regime in which the detection scheme works well. Moreover, we
demonstrate that not only the DQD occupation but also the corresponding current may strongly
correlate with the detector current. The quantum mechanical solution, obtained with a Bloch-
Redfield master equation, shows that the backaction of the measurement tends to localize the DQD
electrons and, thus, significantly reduces the DQD current. Moreover, it provides the effective
parameters of the classical treatment. It turns out that already the classical description is adequate
for most operating regimes.
PACS numbers: 73.23.Hk, 84.37.+q, 05.60.Gg
I. INTRODUCTION
The conductance of a quantum point contact can be
influenced significantly by the capacitive interaction with
a close-by electron. In this way it can act as detector for
the charge state of a quantum dot in its vicinity. After an
early proof of principle,1 such a charge detector became
a standard element in quantum dot design. Its practi-
cal use is to monitor single-electron tunneling through a
quantum dot2–6 and to measure charging diagrams with
high precision.7 Alternative detector concepts based on
shifting a level across the Fermi energy of a lead8 or tun-
ing a DQD into and out of resonance9 have been proposed
as well. On the formal level, the measurement quality of
such charge detection can be expressed by the correlation
between the detector current and the dot occupation.10
In contrast to a single quantum dot, a DQD with
strong inter-dot coupling possesses delocalized electron
states which suffer from decoherence when their charge
distribution is probed. Such measurement backaction has
been investigated theoretically for the readout of charge
qubits8,9,11,12 and the adiabatic passage of electrons.13
Typically a charge detector is strongly biased and, thus,
entails non-equilibrium noise to the system to which it
couples. In this way it can induce pump currents14,15
and phonon-assisted tunneling.16 This complex interplay
between measurement, decoherence, and non-equilibrium
dynamics raises interest in correlations between the de-
tector currents, the charge, and the current in a DQD.
In this work, we study a quantum point contact in the
tunnel regime acting as charge monitor for a DQD, as is
sketched in Fig. 1. Focusing on the correlations between
the detector current and DQD observables, we reveal un-
der which conditions the former correlates with both the
charge and the current of the DQD. In Sec. II, we intro-
duce a full quantum mechanical model for the DQD and
the detector. For the specific calculations, we follow two
different paths: First, in Sec. III we consider the classi-
cal limit in which inter-dot tunneling is fully incoherent.
Hence, correlation functions can be expressed in terms of
conditional probabilities. For a full quantum mechanical
treatment, we employ in Sec. IV a Bloch-Redfield master
equation, which allows us to identify genuine quantum
features such as decoherence and measurement backac-
tion. Comparing both limits provides the effective pa-
rameters and the limitations of the classical description.
II. DOUBLE QUANTUM DOT COUPLED TO A
CHARGE DETECTOR
Our setup consists of a DQD formed by two single-
level quantum dots in contact with electron source and
drain. Since double occupation of the DQD is inhibited
by Coulomb repulsion, spin effects play a minor role and
will be ignored. This setup is described by the Hamilto-
nian HDQD +HDQD,leads, where
HDQD = T12(c
†
1c2 + c
†
2c1) (1)
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FIG. 1. Quantum point contact in the tunnel regime act-
ing as charge monitor for an undetuned but biased DQD.
Electrons on the latter increase the tunnel barrier and, thus,
reduce the detector current.
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2models the DQD with vanishing onsite energies, tunnel
coupling T12, and the fermionic operators c`, where ` =
1, 2. For ease of notation we use units with e = ~ = 1 and
consider particle currents. We assume a large Coulomb
repulsion such that at most one electron can reside on
the DQD, which means that the only energetically acces-
sible states are the empty state |0〉 and the single-electron
states |`〉. The coupling to the electron source and drain
is given by
HDQD,leads =
∑
q,α
Vqα(c
†
`α
cqα + c
†
qαc`α) +
∑
q,α
qNqα, (2)
where c†qα are the fermionic creation operators for an
electron in mode q of lead α = L,R with the energy
q. The mapping `α takes the values `L = 1 and
`R = 2, respectively. Tunneling between the DQD
and the leads is determined by the spectral densities
Γα() = (2pi/~)
∑
q |Vqα|2δ( − q) ≡ Γα which we as-
sume within a wideband limit energy independent.
We restrict ourselves to a fully symmetric DQD with
equal barrier capacitances. Then according to the Ramo-
Shockley theorem,17,18 the displacement currents in the
double dot circuit are such that the experimentally mea-
sured current is the average of the currents through the
left and the right tunnel barrier, i.e., I = 12IL − 12IR.
Its noise spectrum defined below depends on the charge
fluctuations of the DQD and reads18–20
CII(ω) =
1
2
CILIL(ω) +
1
2
CIRIR(ω)−
ω2
4
CNN (ω). (3)
The charge detector is formed by a tunnel contact,
see Fig. 1, and modeled by the Hamiltonian HD =∑
k kc
†
kck+
∑
k′ k′c
†
k′ck′ with the fermionic creation op-
erators of the left and the right lead, c†k and c
†
k′ , respec-
tively. The tunnel coupling between the leads depends
on the DQD occupation and reads21–23
HtunD = (1− s1N1 − s2N2)
∑
kk′
tkk′(c
†
kck′ + c
†
k′ck), (4)
where tkk′ denotes the tunnel matrix elements which
we replace in a continuum limit by the conductance
G(, ′) = 2pi
∑
kk′ |tkk′ |2δ(− k)δ(− k′) ≡ GD in units
of e2/h, which is also assumed energy independent. The
number operators N` in the prefactor reflect the fact that
an electron on the DQD increases the potential barrier
of the QPC and, thus, reduces the tunnel amplitudes.
The strength of this reduction depends on the interac-
tion with the DQD which is quantified by the dimension-
less parameters s1 and s2. For consistency, it must obey
s1N1 + s2N2 ≤ 1 for all DQD occupations considered.
III. DQD IN THE CLASSICAL LIMIT
Within a classical approximation, we assume that the
inter-dot tunneling is small such that HDQD practically
commutes with the occupation operators N`. Then the
DQD dynamics can be neglected for the computation of
the tunnel rates. Thus, we can adopt the golden-rule
treatment of Ref. 24 by which we obtain that an electron
in state k of the left lead may tunnel to state k′ of the
right lead with probability (2pi/~)|tkk′ |2δ(k − k′)(1 −
s1N1− s2N2)2. Expressing the probability for the initial
many-body state in terms of Fermi functions and inte-
grating over k and k′ , we obtain that for N1 = N2 = 0
the QPC current can be described by a Poisson process
with a rate γ0 = GD|VD| proportional to the bias volt-
age applied to the detector, VD.
18,24 If an electron re-
sides on the DQD, Coulomb repulsion reduces the tunnel
rates according to γ0 → γ ≡ γ0(1− s˜1N1 − s˜2N2), where
s˜` = s`(2− s`) reflects the detector sensitivities.10
Subsuming these two cases, we can conclude that the
QPC tunnel process inherits an additional randomness
from the DQD occupation. In more technical terms, the
Poisson process turns into a Cox process with a rate
γ = γ0(1− s˜1N1 − s˜2N2) (5)
which depends on the transport process of the DQD.
Thus, the average current through the detector, 〈j〉, can
be expressed in terms of the DQD occupations. While
the same is true for the detector-DQD correlations, auto-
correlations of the detector current contain also a (white)
shot noise contribution, such that the power spectrum
becomes25
Cjj(ω) = 〈j〉+ γ20
∑
`,`′=L,R
s˜`s˜`′CN`N`′ (ω). (6)
For an explicit derivation of the shot noise term, see
Ref. 20. The fluctuations of the detector current are
characterized by the frequency-dependent Fano factor
F (ω) = Cjj(ω)/〈j〉. In consistency with Ref. 10, we find
that good measurement correlations are accompanied by
F (ω) 1, see Fig. 2(a) and discussion below.
A. Master equation for uni-directional transport
We consider a DQD with large bias such that electrons
can enter exclusively from the left lead with tunnel rate
ΓL, while leaving to the right lead with tunnel rate ΓR.
For our numerical study, we focus on a symmetric situa-
tion with ΓL = ΓR ≡ Γ. Moreover, if the onsite energies
of both dots are equal as well, inter-dot tunneling is direc-
tion independent with a rate Γ12  Γ. The restriction to
small rates ensures that inter-dot tunneling is incoherent
and, thus, consistent with the classical description.
If at most one electron can reside in the DQD, we have
to take into account the states 0, 1, and 2, referring to an
empty DQD and one electron in the left or the right dot,
respectively. Then the corresponding occupation proba-
bilities obey the master equation P˙ =MP , with
M =
−ΓL 0 ΓRΓL −Γ12 Γ12
0 Γ12 −Γ12 − ΓR
 , (7)
3and P = (P0, P1, P2)
T, where T denotes transposition
and ` = 0, 1, 2 labels the charge states of the DQD. P st
denotes with MP st = 0 the stationary solution of the
master equation. Our central quantity for the computa-
tion of correlation functions is the conditional probability
P (`, t|`′, t′) = [eM(t−t′)]``′ , (8)
for the DQD being in state ` at time t provided that it
was in state `′ at the earlier time t′ < t. It is equivalent
to the propagator of the master equation26 and obeys
P (`, t+ dt|`′, t) = δ``′ +M``′dt.
B. DQD-detector correlations
The correlation of any DQD variable X with the de-
tector current j can be obtained from the stochastic part
of the rate γ given by Eq. (5) and reads
CjX = −γ0(s˜1CN1X + s˜2CN2X). (9)
Since we are interested in the degree of correlation rather
than in absolute values, we focus on the normalized cor-
relation at a given measurement frequency ω which we
define as
rab(ω) =
Cab(ω)√
Caa(ω)Cbb(ω)
. (10)
Its absolute value is a figure of merit for the detection
quality and in the ideal case is of order unity. In turn, for
|rjX |  1, the detector current is practically independent
of X.
In order to quantify the detection of the charge in dot
` = 1, 2, we consider the correlation coefficient rjN` . Ac-
cording to Eqs. (6) and (9), it can be expressed in terms of
the DQD correlation functions of the populations which
in the time domain read
CN`N`′ (t− t′) = 〈N`(t)N`′(t′)〉 − 〈N`〉〈N`′〉. (11)
Since N` can assume only the values 0 and 1, the first
term on the right-hand side is given by the joint proba-
bility P (`, t; `′, t′) for the DQD being in the states ` and
`′ at the respective times. Bayes’ theorem relates this
joint probability in the stationary limit to P st and the
conditional probability (8) so that we obtain for t ≥ t′
the expression
CN`N`′ (t− t′) = P (`, t|`′t′)P st`′ − P st` P st`′ , (12)
while the opposite time ordering t < t′ follows by rela-
beling.
In order to obtain the correlation of the detector cur-
rent with the DQD currents, we use Eq. (9) to write the
detector current in terms of the DQD occupations and
obtain 〈N1(t)IR(t′)〉, as well as similar expressions with
other combination of the indices 1, 2 and L, R. Follow-
ing Refs. 10 and 27 we define the differential dNR(t) =
IR(t)dt which describes the change of the charge state in
the right dot by a current flow to the leads. Then we ex-
press the probabilities of all trajectories that contribute
to 〈N1(t)IR(t′)〉dt = 〈N1(t)dNR(t′)〉 by the conditional
probability (8).
For t′ < t, the only contribution to the mentioned term
stems from a trajectory starting at time t′ with an elec-
tron on the right dot which leaves during the infinitesimal
time dt to the right lead, such that the DQD will be in
state 0. At a later time t, the left lead must be occupied.
For the opposite time ordering, the DQD starts at time
t′ in state 1, propagates to state 2 at time t, while then
an electron leaves to the right dot during dt. The joint
probability for these events reads
〈dNR(t)N1(t′)〉
=
{
P (0, t+ dt|2, t)P (2, t|1, t′)P st1 , t > t′
P (1, t′|0, t)P (0, t+ dt|2, t)P st2 , t < t′
. (13)
The auto-correlation function of the DQD current at
the right barrier requires an initial occupation of state 2
at t′, tunneling to the right lead during dt, propagation
from 0 to 2 during t − t′, and finally electron tunneling
to the right lead. This happens with probability
〈dNR(t)dNR(t′)〉 = P (0, t+ dt|2, t)P (2, t|0, t′)
× P (0, t′ + dt|2, t′)P st2 ,
(14)
valid for t′ < t while the opposite time ordering again
follows by relabeling. At equal times, we have to add
the shot noise contribution to obtain CIRIR(t − t′) =
〈dNR(t)dNR(t′)〉/dt2 + 〈IR〉δ(t− t′). A derivation of the
shot noise in the spirit of the present calculation can be
found in Ref. 27.
The correlation functions for all other possible combi-
nations of the indices L and R can be obtained in the
same way and are listed in Appendix A.
C. Numerical results
For the numerical evaluation of the correlation coef-
ficients, we diagonalize the matrix (7) to obtain a bi-
orthonormal set of left and right eigenvectors, uTi and
vi, as well as the eigenvalues −λi, so that exp(Mt) =∑
i viu
T
i e
−λit for t > 0. In doing so, we obtain for each
correlation function a sum of decaying exponentials and a
formal expression for the Fourier transformed of the prop-
agator P (`, t|`′, 0). We restrict ourselves to a symmetric
DQD with ΓL = ΓR ≡ Γ. Then the latter parameter
determines the frequency scale of the DQD dynamics.
Investigating various correlation functions, we found
that one has to distinguish three frequency regimes which
can be characterized by the frequency-dependent Fano
factor of the detector current derived in Appendix B and
depicted in the inset of Fig. 2(a). First, if the measure-
ment frequency is small, ω . Γ, all correlation functions
4assume their zero-frequency value. Typically the detec-
tor Fano factor is several orders of magnitude above the
shot noise level, where its precise value depends much
on the coupling strengths s˜1 and s˜2. Such low measure-
ment frequencies correspond to static DQD properties,
i.e., time-averaged expectation values. The crossover to
the high-frequency limit occurs at
ωmax = (2γ0Γ12)
1/2 max(s˜1, s˜2), (15)
which reflects the largest relevant frequency. For ω &
ωmax, the Fano factor assumes the Poissonian value
F (ω) ≈ 1 while all DQD-detector correlations practi-
cally vanish. Thus, on such large frequency scales and
on the corresponding short time scales, the detector can-
not provide information about the DQD. The propor-
tionality of the upper limit, ωmax ∝ γ1/20 , has also been
found for detecting the charge of a single quantum dot.10
In the intermediate regime, we find F (ω) ∝ ω−2. There
the correlation coefficients provide information about the
possibility of time-resolved measurement. This generic
global behavior of the detector-DQD correlations relates
the possibility of charge detection to the emergence of
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FIG. 2. Classical frequency-dependent correlation coefficients
between the detector current and (a) the occupation of the
left dot, (b) the occupation of the right dot, and (c) the sym-
metrized current through the DQD for various inter-dot rates
Γ12. The detector is characterized by a bare rate γ0 = 10
8Γ
and the sensitivities s˜1 = 0.2 and s˜2 = 0, i.e., it couples to
only the left dot. The inset in panel (a) shows the frequency
dependent Fano factor of the detector current for Γ12 = 0.01Γ,
where the dashed lines mark the crossover region between the
plateaus. The horizontal line in panel (c) marks the upper
limit 1/2 discussed in the text.
super-Poissonian detector noise. Physically, this reflects
switching between two values of the detector current and
the associated bunching of the electrons flowing through
the detector.
1. Charge detection
Figures 2 and 3 show the correlations between the de-
tector current j and the DQD for the coupling to only
the left quantum dot. Then for frequencies below ωmax,
the measurement correlation with the occupation of the
left dot (panel a in both figures) assumes the ideal value
rjN1 = 1. This indicates the possibility of time-resolved
detection of the charge on the left dot, as long as the Fano
factor stays significantly above the shot noise. Thus the
time resolution of the present charge detection scheme is
determined by Eq. (15).
Since an electron on the right quantum dot originates
from the left lead, it must have occupied the left dot at
some earlier stage. Then one naturally expects some rem-
nant correlation between the occupations of both dots.
As a consequence, the detector not only correlates with
the dot to which it couples, but also with the other dot as
can be appreciated in Figs. 2(b) and 3(b). In the regime
of weak inter-dot tunneling, Γ12 . Γ, this correlation
decays as a function of ω via an intermediate plateau
limited by the crossover frequencies Γ and ωmax. For
ω . Γ, we find rjN2 ≈ 0.8, i.e., the average population
of dot 2 can be noticed to some extent. In the interme-
diate regime, Γ . ω . ωmax, the correlation coefficient
drops down to a value 1/2. Interestingly enough, for a
strong inter-dot rate Γ12 & Γ, the intermediate plateau
becomes larger than in the zero-frequency limit, but the
correlation coefficient always stays clearly below unity.
In a realistic setup, a charge detector at a DQD is
sensitive not only to the closer dot, but to some extent
also to the other dot. This raises the question whether
the influence of the latter affects the measurement qual-
ity. Being interested in time-resolved measurement, we
focus on the intermediate frequency regime. Figure 4(a)
shows the correlation coefficient of the detector current
with the occupation of the left dot as a function of both
sensitivities. It demonstrates that (almost) perfect cor-
relation requires s˜1 & 2s˜2, i.e., the left dot must couple
at least twice as strong as the right dot. An extreme case
of very small correlation is found for s˜2 ≈ 2s˜1. There the
behavior is even counter-intuitive since reducing further
the coupling to the left dot increases the correlation. Fi-
nally, the correlation with the population of the right dot
(not shown) behaves accordingly. It can be obtained by
interchanging the labels 1 and 2, which is non-trivial since
reflection symmetry is absent owing to the bias voltage
applied to the DQD.
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FIG. 3. Classical correlation coefficients depicted in Fig. 2 as function of the frequency ω and the inter-dot rate Γ12 while all
other parameters are the same. The dashed lines at ω = Γ and at ω = ωmax mark the crossover between the different regimes
discussed in the text.
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FIG. 4. Classical correlation coefficients between the detector and (a) the occupation of the left dot, (b) the current through
the left DQD barrier, and (c) the Ramo-Shockley current as a function of the detector sensitivities s˜1 and s˜2. The frequency
ω = 50Γ corresponds to the middle of the second plateau at which time-resolved measurement is possible. The inter-dot rate
is Γ12 = 0.1Γ, while all other parameters are as in Fig. 2.
2. Current detection
Even though the detector couples to the charge degree
of freedom, it has been employed to reconstruct the cor-
responding time-resolved current2,4 and its full-counting
statistics.28 A later theoretical investigation10 revealed
that nevertheless the correlation coefficient between the
detector current and the measured current is significantly
smaller than unity. Thus, knowledge about the transport
mechanism must provides missing information.
Figure 4(b) depicts the correlation of the detector cur-
rent with the current entering the DQD from the left lead
at an intermediate measurement frequency. It assumes
its maximum rjIL ≈ 0.8 for s˜1 ≈ 2s˜2. Surprisingly, this
value is slightly above the limit of
√
1/2 found for a de-
tector coupled to a single quantum dot.10 A remarkable
difference to the single quantum dot is also found for the
Ramo-Shockley current I = 12IL − 12IR which for a sym-
metric single quantum dot is fully uncorrelated with the
detector current.10 Figure 4(c), by contrast, reveals that
this is not the case for a DQD unless both dots couple
equally strongly to the detector. If one coupling domi-
nates, the correlation can be up to rjI = 1/2.
IV. QUANTUM MECHANICAL DESCRIPTION
In order to obtain the quantum mechanical detector-
DQD correlations, we employ a Bloch-Redfield master
equation29 augmented by a counting variable30 that al-
lows the computation of higher-order moments. Since
this master equation is Markovian, one can compute two-
time expectation values of system variables via the quan-
tum regression theorem.31–33 In contrast to previous ap-
plications of this approach to quantum transport,34–36
the detector current operator is not a usual “electron
jump term” between the system and a lead, which re-
quires a generalization of the formalism. For the deriva-
tion we follow Ref. 37.
6A. Bloch-Redfield master equation
We start from the full DQD-lead-detector Hamiltonian
and separate it into the DQD contribution HS given by
Eq. (1), the lead terms, and the tunneling from and to the
four leads are involved. After transforming the Liouville-
von Neumann equation for the total density operator into
the interaction picture with respect to the local terms, we
derive a master equation that captures the lead tunnel-
ing to second-order. Next, we multiply the full density
operator with the eiχN , where χ = {χL, χR, χD} con-
tains the counting variables for the left and the right
lead of the DQD and for the right lead of the detec-
tor, respectively. Notice that owing to charge conserva-
tion, one counting variable for the detector is sufficient.
The vector N contains the corresponding lead electron
numbers. By tracing out the leads, we obtain the mas-
ter equation ρ˙ = L(χ)ρ with the generalized Liouvillian
L(χ)ρ = −i[HS , ρ] + LS(χ)ρ + LD(χ)ρ. The general-
ized density operator ρ relates to the moment-generating
function for the lead electrons as tr ρ = 〈eiχN 〉. For
DQD-lead tunneling in the large-bias limit, we find
LS(χ)ρ = ΓL
[
D(c†L)ρ+ (e
−iχL − 1)c†LρcL
]
+ ΓR
[
D(cR)ρ+ (e
iχR − 1)cRρc†R
]
(16)
with the Lindblad operator D(x)ρ = xρx† − {x†x, ρ}/2.
The tunnel Hamiltonian of the detector, Eq. (4), con-
tains besides lead terms the system operator X ≡ 1 −∑
` s`N` which determines the generalized detector Liou-
villian
LD(χ)ρ = Y−(χ)ρX +XρY+(χ)−XY−ρ− ρY+X,
(17)
where in the zero-temperature limit and for large bias
voltage, |VD| > 2|T12|,
Y±(χ) = eiχD sgnVD
GD
2
(|VD|X ± [HS , X]). (18)
The commutator in Eq. (18) is proportional to the inter-
dot tunnel amplitude T12 and, thus, can be neglected for
large detector bias voltage, |VD|  2|T12|. Therefore, we
proceed with
LD(χ)ρ = γ0
[
D(X)ρ+ (eiχD sgnVD − 1)XρX], (19)
where γ0 = GD|VD| is the tunnel rate of the detector in
the absence of the DQD. For typical parameters2,4,5 of
VD = 1 mV, GD . 0.1 e2/h, DQD-lead rates Γ of a few
kHz, and inter-dot tunneling up to T12 = 100µeV, this
corresponds to detector rates in the range of 105–108 Γ.
B. Charge and current correlations
Also here we characterize the measurement by normal-
ized correlation coefficients defined in Eq. (10), but with
the corresponding quantum mechanical expressions on
the right-hand side. Thus, we have to compute auto-
correlations and cross correlations of the DQD occupa-
tions and the detector current.
For the dot occupations, we define CN`N`′ as in
Eq. (11). From the quantum regression theorem31–33 fol-
lows the frequency-dependent correlation function
CN`N`′ (ω) = tr[N`R(−iω)N`′ρst +N`′R(iω)ρstN`].
(20)
In order to formally perform the Fourier transformation,
we have introduced the pseudoresolvent R(z) = Q(z −
L)−1Q with Q = (1 − ρst tr) the projector to the part of
Liouville space orthogonal to the stationary state ρst of
the DQD.
In contrast to the classical case, our master equation
formalism allows us to treat all currents on equal footing,
namely by computing derivatives of the generalized Liou-
villian L(χ) with respect to the corresponding counting
variable. Proceeding as in Refs. 34–36, we find
CIαIβ (ω) = 〈Wαβ〉+ 〈WαR(−iω)Wβ〉+ 〈WβR(iω)Wα〉,
(21)
where α, β ∈ {L,R,D} label the leads. The su-
peroperators Wα = (∂L/∂iχα)|χ=0 and Wαβ =
s2 = 0.1
s2 = 0.19
s2 = 0.2
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FIG. 5. Quantum mechanical version of the correlation coef-
ficients between the detector current and (a) the occupation
of the left dot, (b) the current through the left DQD barrier,
and (c) the symmetrized current through the DQD for various
values of the sensitivity s2 while s1 = 0.2 is fixed. The inter-
dot tunnel coupling is T12 = 10Γ, while all other parameters
are as in Fig. 2. The thin red lines in panel (a) show the corre-
sponding classical correlation coefficients for Γ12 determined
by the quantum-to-classical mapping in Eq. (26).
7(∂2L/∂iχα∂iχβ)|χ=0 are Taylor coefficients of L(χ),
where the first order provides the average currents Iα =
〈Wα〉. Formally, expression (21) follows by substituting
in Eq. (20) the number operators by jump operators and
adding the shot noise contribution 〈Wαβ〉 which vanishes
unless α = β.
The frequency-dependent fluctuations (3) of the Ramo-
Shockley current17,18 I = 12IL − 12IR are linear com-
bination of the above expressions. They can also be
obtained directly from the generalized density opera-
tor by transforming the counting fields according to35
χL → χA + χT /2 and χR → χA − χT /2, where χT
refers to the total current and χA accounts for temporary
charge accumulation on the DQD. Notice that we follow
the sign convention of Ref. 38, where the currents are
positive when electrons flow from the lead to the DQD.
For the cross correlations between currents and DQD
occupations, we define the according expression
CIαN`(ω) = tr[N`R(−iω)Wαρst+WαR(iω)ρstN`]. (22)
Since we did not derive the latter correlation function in
terms of a measurement procedure, it is an operationally
defined quantity rather than an observable. For ease of
notation we henceforth replace the subscript ID by j.
C. Classical limit of the quantum master equation
The classical limit of the Bloch-Redfield equation can
be obtained by eliminating the coherences between the
left and the right quantum dot in the limit of small inter-
dot tunneling T12. This task is hampered by the fact that
the natural basis of the Bloch-Redfield equation is given
by the eigenstates of HS which, owing to the absence
of a detuning, are always delocalized irrespective of how
small T12 is. However, there exists a way out based on the
comparison of the average currents in both limits. While
comparing the DQD currents yields an effective Γ12 in
terms of T12, the detector current provides a relation be-
tween the coupling strengths of the quantum mechanical
model, s`, and the classical couplings s˜`.
A straightforward computation of the stationary state
of the classical master equation, see Eq. (7), yields the
occupation numbers
〈N1〉 = ΓL(ΓR + Γ12)
ΓLΓR + (2ΓL + ΓR)Γ12
, (23)
〈N2〉 = ΓLΓ12
ΓLΓR + (2ΓL + ΓR)Γ12
, (24)
from which by use of IclDQD = ΓR〈N2〉 immediately fol-
lows
IclDQD =
ΓLΓRΓ12
ΓLΓR + (2ΓL + ΓR)Γ12
. (25)
Comparison with the corresponding expression for the
quantum master equation, 〈WR〉, provides the effective
classical inter-dot rate
Γ12 =
4|T12|2
ΓR + γ0(s1 − s2)2 . (26)
Obviously, the DQD current assumes its maximum for
s1 = s2, while it becomes much smaller when the two
couplings are different (notice that typically γ0 ≫ ΓL,R).
The reason for this current reduction is the fact that for
s1 6= s2, the detector performs a position measurement of
the DQD electrons. Therefore, it destroys the coherence
between the left dot and the right dot and, thus, forces
the electron into the corresponding eigenstates, which
leads to localization. This localization is manifest in a
current suppression which represents the main measure-
ment backaction of the charge sensor to the DQD. In the
limiting case s1 = s2, the measured quantity is the to-
tal electron number of the DQD which commutes with
HS and therefore does not affect the coherences. Below
we will find that in a large part of parameter space, the
classical treatment with Γ12 given by Eq. (26) agrees very
well with the full quantum mechanical solution.
For the detector current, we insert the populations (23)
and (24) into Eq. (5) to obtain
jcl = GDVD(1− s˜1〈N1〉 − s˜2〈N2〉), (27)
where the prefactor relates to the tunnel rate of the de-
tector, γ0 = GD|VD|. Comparison with the quantum
mechanical expression and using the above result for Γ12
provides a relation between the classical and the quan-
tum mechanical detector sensitivities,
s˜` = s`(2− s`), (28)
where for the small couplings considered in our numerical
studies, s˜` ≈ 2s`.
D. Numerical results
We already discussed above that the presence of the de-
tector causes backaction which reduces the effective inter-
dot rate Γ12. In particular, this rate becomes smaller
with a larger difference between the two detector cou-
plings, |s1 − s2|. Consequently, we expect that the fre-
quency ωmax beyond which all DQD-detector correla-
tions vanish [see Eq. (15)] also depends on the coupling
strength as well as on the bare detector rate γ0. The
quantum mechanical correlation coefficients for different
values of s2 depicted in Fig. 5 confirm this expectation.
1. Charge detection
Figures 5(a) and 6(a) show the correlation coefficient
between the occupation of the left quantum dot and the
detector current. The former is compared with the classi-
cal result with the effective Γ12 given by Eq. (26). We find
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FIG. 6. Quantum mechanical version of the correlation coefficients shown in Fig. 4 as a function of the detector sensitivities s1
and s2. The frequency is ω = 50Γ, the tunnel rate is T12 = 10Γ, while all other parameters are as in Fig. 5. Notice that in the
regime depicted, the classical and the quantum mechanical detector sensitivities relate as s` ≈ s˜`/2.
that as long as the two couplings are different, the val-
ues obtained from the quantum-to-classical mapping are
practically the same as those of the quantum case. A mi-
nor difference is visible at large frequencies for s2 = 0.19.
Only when both couplings are equal, the quantum me-
chanical solution becomes rather different and is beyond
the classical approach. This corresponds to the situation
discussed above in which the detector is sensitive to the
total number of electrons on the DQD. Then the DQD-
detector Hamiltonian commutes with HS and, thus, it
measures a good quantum number.
This behavior is also found for the correlation for an in-
termediate frequency as a function of the couplings shown
in Fig. 6(a). The main difference to the corresponding
classical solution (not shown) is found in a narrow re-
gion at s1 = s2. As in the classical case, fulfilling the
condition for good charge detection at dot 1, rjN1 ≈ 1,
requires s1 & 2s2.
2. Current detection
Figure 5 also shows the correlation coefficients with the
DQD current through the left barrier (panel b) and with
the Ramo-Shockley current (panel c). Besides the global
behavior already discussed for the correlation with the
DQD occupations, we find for s1 = s2 a sharp peak at a
measurement frequency 2|T12| which corresponds to the
level splitting of the DQD. As soon as both couplings
differ minimally, this peak vanishes. Since we consider
γ0 ≫ Γ, a tiny difference of much less than one percent
is already sufficient to suppress the peak. This demon-
strates that the detector by and large destroys the quan-
tum features of the DQD unless it couples to a good
quantum number.
Panels b and c of Fig. 6 show the correlations of the
detector and the DQD currents as a function of the sen-
sitivities for an intermediate frequency. It confirms the
predictions from the classical treatment (cf. the corre-
sponding panels of Fig. 4). In particular, it shows that
also quantum mechanically the current through the indi-
vidual barriers may correlate strongly with the detector,
while the Ramo-Shockley always correlates weakly.
V. CONCLUSIONS
We have studied a tunnel contact employed as charge
sensor for a strongly biased DQD such that electrons are
detected while being transported. The central idea of this
scheme is a capacitive coupling between the two subsys-
tems by which electrons on the DQD reduce the trans-
mission of the tunnel contact. We have characterized
this measurement by correlation coefficients of the detec-
tor current and DQD observables both in the classical
limit and within a full quantum mechanical approach.
The comparison of these limits allowed us to investigate
the backaction on the coherence of DQD electrons.
A key ingredient to the classical description is a phe-
nomenological incoherent inter-dot transition rate that
enters the master equation for the DQD populations. It
determines the conditional probabilities of the DQD and,
thus, the joint probabilities that enter the two-time cor-
relations under investigation. This approach represents
a generalization of the one used for calculating current-
current correlations27 and measurement correlations10
for a single electron transistor.
The correlation coefficients studied provide a limiting
frequency beyond which measurement is no longer possi-
ble and which determines the time-resolution of the de-
tection scheme. This limit increases with the detector
rate, the inter-dot rate, and the detector sensitivity. The
possibility of charge detection depends also crucially on
the ratio between the capacitive couplings to each dot:
A charge on a particular dot can be monitored reliably
only if it couples to the detector at least twice as strong
as an electron on the other dot. With the time-resolved
DQD populations at hand, one can reconstruct the cor-
responding time-dependent current, at least under the
assumption of unidirectional transport. This is reflected
9by a significant, but not perfect correlation between the
detector and the DQD currents. Rather surprisingly, it
is slightly larger than for the corresponding setup with a
single-electron transistor, despite the more complicated
transport mechanism of the present case.
On the quantum mechanical level, we used a method
based on a Bloch-Redfield master equation augmented by
a counting field.34,35 In order to capture also the detec-
tor current, we generalized this method to the presence
of “jump terms” that do not alter the DQD occupation,
but describe the detector current. A main issue for such
quantum mechanical position measurement is its back-
action to the coherence of the measured system. In the
present case it is manifest in an additional localization
of the DQD electrons. On the one hand, this leads to a
significant reduction of the DQD current, on the other
hand, it pushes the system towards its classical limit.
Indeed our quantitative analysis revealed that the classi-
cal description is adequate whenever the detector current
correlates strongly with one of the DQD occupations. A
natural expectation is that this tendency should be even
stronger in the presence of couplings to external degrees
of freedom such as the electronic circuitry or substrate
phonons.
Even though we restricted ourselves to a narrow part
of parameter space, we observed a rather rich behavior.
Thus, a full understanding of the detection scheme may
require to take further ingredients into account. Besides
the already mentioned influence of external degrees of
freedom, this could be a detuning which leads to addi-
tional localization.
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Appendix A: Conditional probabilities and
correlation functions
In Sec. IV B, we explicitly derived the correlation func-
tions CIRN1 and CIRIR , see Eqs. (13) and (14). For com-
pleteness, we here sketch the derivation of all other ex-
pressions required for the evaluation of the correlation
coefficients discussed in the main text.
As discussed above, correlations between DQD occu-
pations and DQD current from lead α = L,R can be
expressed by the differential dNα = Iαdt and joint prob-
abilities. For the currents through the left and the right
contact, we thus obtain
〈IL〉dt = 〈dNL(t)〉 = P (1, t+ dt|0, t)P st0 , (A1)
〈IR〉dt = 〈dNR(t)〉 = P (0, t+ dt|2, t)P st2 , (A2)
where we find in consistency with charge conservation
〈IL〉 = 〈IR〉.
The two-time correlations follow from the conditional
probability (8) and Bayes’ theorem which yields
〈N1(t)dNL(t′)〉 (A3)
=
{
P (1, t′ + dt|0, t′)P (0, t′|1, t)P st1 , t < t′
P (1, t|1, t′ + dt)P (1, t′ + dt|0, t′)P st0 , t > t′
,
〈N2(t)dNL(t′)〉 (A4)
=
{
P (1, t′ + dt|0, t′)P (0, t′|2, t)P st2 , t < t′
P (2, t|1, t′ + dt)P (1, t′ + dt|0, t′)P st0 , t > t′
,
〈N2(t)dNR(t′)〉 (A5)
=
{
P (0, t′ + dt|2, t′)P (2, t′|2, t)P st2 , t < t′
P (2, t|0, t′ + dt)P (0, t′ + dt|2, t′)P st2 , t > t′
.
Subtracting 〈N`〉〈dN`′〉 and dividing by dt yields the de-
sired occupation-current correlations.
Accordingly, the correlation function of the left DQD
current can be expressed in terms of
〈dNL(t)dNL(t′)〉 (A6)
= P (1, t+ dt|0, t)P (0, t|1, t′ + dt)P (1, t′ + dt|0, t′)P st0 .
Notice that this expression provides the auto-correlation
function CILIL(t − t′) only for t 6= t′, while for equal
times, the shot noise contribution 〈IL〉δ(t − t′) must be
added.27
Appendix B: Alternative solution of the classical
model and Fano factor
The numerical method for computing the quantum me-
chanical correlation functions in Sec. III can be employed
as well for the classical limit. The classical master equa-
tion is formally an equation of motion for the diagonal
matrix elements of the density matrix in the localized
basis. Since in the DQD Liouvillian the dissipative term
that describes the influence of the detector, see Eq. (19),
is also diagonal in this basis, we merely have to replace
the augmented Liouvillian L(χ) by
M(χ) =M+ ΓL(e−iχ1 − 1)JL + ΓR(eiχ2 − 1)JR
+ γ0(e
iχD sgnVD − 1)JD (B1)
with M as in Eq. (7) and the DQD-lead jump operators
JL =
0 0 01 0 0
0 0 0
 , JR =
0 0 10 0 0
0 0 0
 , (B2)
while the detector jump operator
JD =
1 0 00 1− s˜1 0
0 0 1− s˜2
 (B3)
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follows from Eq. (19) by ignoring non-diagonal contribu-
tions. We have confirmed all results of Sec. III with this
method.
This alternative method is rather convenient for ob-
taining an analytical expression for the detector Fano
factor in the classical limit. For this purpose, we com-
pute the pseudoresolvent of M so that we can directly
evaluate the auto-correlation function of the detector,
Cjj(ω). Thus, with the average current 〈j〉, we find the
frequency-dependent Fano factor FD(ω) = Cjj(ω)/〈j〉.
For ΓL = ΓR ≡ Γ and small inter-dot rates Γ12  Γ, it
becomes
FD(ω) = 1 +
2γ0Γ12
Γ2 + ω2
3Γ2+ω2
Γ2+ω2 s˜1(s˜1 − s˜2) + s˜22
1− s˜1 (B4)
and assumes rather large values in the zero-frequency
limit ω  Γ. For ω & Γ, we approximate the last
factor in Eq. (B4) by max(s˜1, s˜2) and obtain FD(ω) =
1 + (ωmax/ω)
2 with ωmax given by Eq. (15).
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